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Abstract 

We investigate the system of holomorphic differential identities implied 
by special Kahlerian geometry of four-dimensional N = 2 supergravity. 
For superstring compactifications on Calabi-Yau threefolds these identi- 
ties are equivalent to the Picard-Fuchs equations of algebraic geometry 
that are obeyed by the periods of the holomorphic three-form. For one 
variable they reduce to linear fourth-order equations which are character- 
ized by classical VF-generators; we find that the instanton corrections to 
the Yukawa couplings are directly related to the non-vanishing of w^. We 
also show that the symplectic structure of special geometry can be related 
to the fact that the Yukawa couplings can be written as triple derivatives of 
some holomorphic function F. Moreover, we give the precise relationship 
of the Yukawa couplings of special geometry with three-point functions in 
topological field theory. 
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1. Introduction and Summary 



It is well known that four-dimensional heterotic string vacua which are = 1 
space-time supersymmetric have necessarily an = 2, c = 9 SCFT in the left-moving 
sector [|l|]. Furthermore, the couplings of the corresponding low energy effective La- 
grangian are directly related to correlation functions in the N = 2 SCFT. Unfortu- 
nately, for generic string vacua we are currently not able to calculate the relevant 
correlation functions. However, recently for a particular family of non-trivial string 
vacua (a compactification on a specific Calabi-Yau threefold), some of the couplings 
in the low energy effective Lagrangian have been computed exactly (at the string tree 
level, but to all orders in the a-model coupling) by using techniques of algebraic ge- 
ometry and without ever relying on the underlying SCFT 0. It is clearly important 
to understand in some detail the general structure behind this specific example. In- 
deed, it was shown in ref. that the couplings could be obtained from the solution 
of a certain fourth-order linear holomorphic differential equation. It was realized that 
this differential equation is a particular case of "Picard-Fuchs equations" obeyed by 
the periods of the holomorphic three-form O that exists on any Calabi-Yau threefold 
[^|-^. (Picard-Fuchs equations can be derived for general "Calabi-Yau" (i-folds 
but we consider only d = 3 in the following.) 

In a parallel development, twisted N = 2 SCFTs were investigated It was 
shown that the twisting essentially leads to a projection onto the massless subsec- 
tor of the original SCFT and that certain correlation functions are topological and 
(almost) identical to their untwisted analogues. In these theories one can derive 
from consistency considerations [|^,|| differential equations that are equivalent to the 
Picard-Fuchs equations. We should note that not only the Picard-Fuchs equations 
arise from these topological considerations but there are further properties of the 
low energy effective Lagrangian encoded in some appropriate topological field theory 
(TFT) ||,|0 . 



A further step in uncovering the general structure behind the differential equation 



was undertaken in ref. It was realized that the Picard-Fuchs equations for a 

Calabi-Yau threefold are just another way of expressing a geometrical structure called 
"special geometry" [0-|TB[. It first arose in the study of coupling vector multiplets 



to = 2 supergravity in four dimensions |12]. In string theory, special geometry is 
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related to the subclass of string vacua with (2, 2) worldsheet supersymmetry [1^-19 . 



The additional right-moving world-sheet supersymmetry implies further constraints 
on the couplings of the effective Lagrangian. In particular, in the moduli sector of the 



theory these constraints can be expressed by the equations [p!2|,p^-[T6|,p!9 



=g -5^ +g si- Cc,^,g''C^-g^^ , 

ctfSj 7 ^7P " "7<=i' pSe^ ' 

Here, g^-j^{z,z) = dad-pK{z,z) is the Kahler metric on the moduli space and the 
(completely symmetric) Yukawa couplings Wap-y are holomorphic functions of the 
moduli z"" (a = 1, . . . , n, where n is the dimension of the moduli space). A complex 
Kahler manifold whose metric obeys (1.1) is called a special Kahler manifold. (Further 
relevant formulas of special geometry are collected in Appendix A.) 

For given W^p-y, eq. (1.1) can be viewed as a covariant and no n- holomorphic 
differential equation for the Kahler potential. Its general solution can be expressed 
1T6| , p^ in terms of n + 1 holomorphic sections X^{z)^A = 0,1,..., n which obey 
d^X^ = 0: 

K = -lnz(X^F^-X^F^), (1.2) 

where 

W^p^ = d^X''dpX''d^X^FABC, (1.3) 

and Fa{X) = ^§^^, etc, and F{X) is a homogeneous function of X of degree two. 
We see that all information about K and Wap-y is encoded in the holomorphic objects 
X^{z) and Fa{z) and their complex conjugates. 

In order to make contact with the differential equation of ref. 0, one ob- 
serves |T6| , p^ , p!5| that eq. (1.1) is entirely equivalent to the following system of non- 



holomorphic first-order equations 



DaUp = -iCapjg'^'^Uj 

- - (1-4) 

Dc.U^ = 9^pV 
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where V{z) = {X^{z),Fa (z)^ and Dot is the Kahler and reparametrization covariant 
derivative. By successively inserting these equation into each other one can represent 
this system by 

D^DpiC-^^'^D^D^V = (1.5) 

(assuming for the moment that the matrix (Cq,)^^ is invertible). Here, 7 is a priori 
not summed over (in contrast to a), but it is easy to show that the equation remains 
vahd even if also 7 is summed over. In ref. it was shown that eq. (1.5) in one 
complex dimension {n=l) is actually holomorphic, although its building blocks are 
not. It is the covariant version of the (holomorphic) equation of ref. 0, and thus is the 
analogue of the Picard-Fuchs equations in special geometry. Its solution determines 
X"^ and Fa and thus via eqs. (1.3), (1.2) also Wa/s-y and K. 

The existence of the covariant holomorphic differential equation (1.5) is inti- 
mately connected to the fact that the Christoffel as well as the Kahler connection 



naturally split into the sum of two terms |11]. One of them is non-holomorphic and 



transforms as a tensor whereas the other term is holomorphic and transforms like a 
connection. Furthermore, the holomorphic pieces of these connections are flat and 
vanish in "special coordinates" 

t"W = f^ {a = l,...,n). (1.6) 

A similar situation holds in topological Landau- Ginzburg models where the flat con- 
nection can be identifled with the Gauss-Manin connection [EOllir 



Ref. [jTT| studied equation (1.5) in detail only in one complex dimension; in this 
paper we generalize the analysis to arbitrary dimensions n. However, we start in 
section 2 by adding a few observations to the results of ref. . In particular we show 
that eq. (1.5) in one dimension is not the most general linear fourth-order differential 
equation but rather is characterized by the vanishing of one of the "invariants" , ws = 
0. The other invariant W4 measures the deviation from covariantly constant* Yukawa 
couplings, or in other words, the deviation from the large radius (classical) limit of 
the Calabi-Yau moduli space. 

Every A^-th order differential equation is equivalent to a flrst-order matrix equa- 
tion of the form (9 — A)V = 0, where the flrst row of V is the solution vector V in 



* Covariantly constant with respect to the holomorphic connections. 
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(1.5). In section 2.2 we show that = translates into the statement that the gauge 
potential A of this matrix equation takes values in sp{4). It is this fact which nicely 
generalizes to the case of an n-dimensional moduli space. 

In section 3 we derive the Picard-Fuchs equations of special geometry for an 
arbitrary number of moduli. They are a direct consequence of (1.3), and are most 
easily displayed as n coupled first-order holomorphic matrix equations: 

(a^_A„)V = . (1.7) 

Here, A takes values in sp{2n + 2). This is the analogue of the vanishing of ws in one 
dimension. Aq, is a sum of a matrix ITq, which contains the flat connections plus the 
structure constants Cq of a 27i+2 dimensional chiral ring TZ^^"^ . The structure constants 
contain the Yukawa couplings W^p-y and furthermore satisfy [Cq,,C^] = 0, = 0. 
Because the connection is symplectic, V can always be taken as an element of Sp{2n-\- 
2). This means that the well-known symplectic structure of special geometry can 
ultimately be traced back to the identity (1.3). 

In section 3.2 we display the relationship between equations (1.7) and (1.4). 
Eq. (1.4) can also be written as a flrst-order matrix equation [d^ — ^a)U = 0, albeit 



with a non- holomorphic connection A. Strominger observed that the system (1.1) 
is just the flatness condition for A. We will show that eq. (1.7) corresponds to a gauge 
where :A = 0, ^ = A, ^A = 0. 

In section 3.3 we consider particular cases where C is degenerate, which corre- 
sponds to decoupled chiral rings. Here the F-function is a direct sum whereas the 
metric of the moduli space is a complicated function and by no means the metric on 
a product space. This clearly shows that the fundamental object in special geometry 
is indeed the holomorphic function F and not the non-holomorphic metric on moduli 
space. 

As we indicated above, the motivation for the present work was to analyse the 
holomorphic differential equations of special geometry. So far, the discussion has been 
completely general and applies also to geometries that do not have an interpretation 
in terms of Calabi-Yau manifolds or TFT's. In section 4 we relate eqs. (1.4)-(1.7) 
to Calabi-Yau moduli spaces, where Ua, U-^, V correspond to basis elements of the 
third cohomology, = ©iJ^^'^) ©if(^'2) ©if(0'3) [0,|T5|]. We then continue to 
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relate the formulas used in topological Landau-Ginzburg theory to the structures un- 
covered in special geometry in section 3. This is useful in order to explicitly compute 
the differential equations. In particular we verify that the computation of Yukawa cou- 
plings Wa/B-y via Picard-Fuchs equations in special geometry is, as expected, identical 
to the computation of certain three-point correlators in topological Landau-Ginzburg 
theory. 

We should stress that in the context of special geometry the deformations of the 
Kahler class and the deformations of the complex structure appear on an equal footing. 
This is due to the fact that eq. (1.1) holds for both types of moduli [p!P|JT7|] which is 
another manifestation of "mirror symmetry" pT|,P|P|. In practical applications it is 
often possible to compute the Picard-Fuchs equations for one type of moduli only. In 
order to find the Picard-Fuchs equation for the other class of moduli, one needs to 
make use of the mirror symmetry. 

By using "topological anti-topological fusion" the geometrical structure implied 
by eq. (1.1) was extended fl^ to include relevant (massive) perturbations in addition 
to the marginal (massless) moduli considered here. One of the main objectives of 



rO| was to construct non-holomorphic quantities (like the metric) from TFT. On the 



other hand, the emphasis of the present paper is on the structure of the holomorphic 
Picard-Fuchs equations, in relation to special geometry. 

Moreover, in Appendix C we discuss the differential equations for cubic F- 
functions. 



2. Differential equations for one variable 

2.1. Linear differential equations and W -generators 

In ref. it was shown that the periods of a one-dimensional moduli space of 
a particular Calabi-Yau-threefold (a quintic in CP4) are determined by a fourth- 
order linear differential equation. The corresponding differential equation in special 
geometry — the one-dimensional version of eq. (1.5) — was derived in ref. |]ll|. In this 



section we add some observations concerning this one-dimensional case. This will 
prove advantageous for the study of the general situation. 
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Thus, let us first briefly review some facts about linear fourth-order differential 
equations Their general form reads 

4 

Y,ciu{z)d:V = 0, (2.1) 

n=0 

where the obey well-defined transformation laws in order to render eq. (2.1) co- 
variant under coordinate changes z z{z), d S,~^d, ^ = dz/dz. Not all of the 
ttn are relevant. First, one can scale out a^, and furthermore drop the coefficient 

_l/4 r ^tailLLdu 

proportional to by means of the redefinition V — > Ve ' J . This puts the 

differential equation into the form 

VV = {d^ + C2d^+cid + co)V = , (2.2) 

where the new coefficients Cn are combinations of the and their derivatives. In this 
basis V transforms as a —3/2 differential, but the transformation properties of the Cn 
are not very illuminating. However, one can find combinations of the c^'s and their 
derivatives which transform like tensors: 

W3 = ci - 4 (2.3) 

1^4 = Cq — + — -^C^ ■ 

A straightforward computation shows 

W2 = C~'^[w2 - 5{z; z}] 

W3 = C^ws (2.4) 

where {z; z} = (^ — |(^)'^) is the Schwarzian derivative. Actually 1^2,^3,^4 form 
a classical VF4 -algebra (see, for instance, [^), a fact that we will not make use of in 
this paper. Using (2.2) and (2.3) one finds 

VV=[d^ + W2d^ + {ws + w!2)d + ^w'^ + ^^2' + ^w'^ + W4]V. (2.5) 

The advantage of rewriting a differential equation in terms of VF-generators is that 
this is a convenient way to display the particular properties of the equation in a 
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reparametrization-covariant way. From eq. (2.4) we learn that there is always a coor- 
dinate system in which W2 = holds. On the other hand, and W4 do characterize 
the fourth-order differential operator V in any coordinate frame. 

Let us return to special geometry: in ref. it was shown that there is a holo- 
morphic fourth-order differential equation that expresses the constraint of special 
geometry and thus is equivalent to eq. (1.1). This equation is the one- dimensional 
version of (1.5) and reads 

DDW'^DDV = 0, (2.6) 

where D is the Kahler- and reparametrization covariant derivative defined in (A. 11), 
and W is the one-dimensional Yukawa coupling. In special coordinates (1.6), this 
equation becomes very simple, 

d^W-^d^V = . (2.7) 

Equation (2.6) can be written in the form (2.1) and one finds that the coefficients are 
not arbitrary but are related as follows [|TI|: as = 29a4, 04 = W~^, ai = da2 — ^d'^as- 
The coefficients 02 and ao are complicated functions of W and the connections. The 
above relations translate into the invariant statement* 

«;3 = . (2.8) 

Furthermore, the other 1^-generators are given (in special coordinates) by 

W2 = ^{AWW" -hW'^) 

W4 = j^^{nbW'^ -29>QWW''^W" + A9W'^W"'^ + 7^"^^/'^/'" (2.9) 
- IQW^W"") . 

Thus, all special geometries in one dimension lead to a fourth-order linear differential 
equation that is characterized by w^, = 0. This is in close relation to the fact that the 
solution vector V does not consist of four completely independent elements, but rather 
has a restricted structure. More precisely, by construction four linear independent 
solutions are given by the components of the vector (cf., (A. 22)) 

V={X\z),Fa{z)) , A = 0,1, (2.10) 

* This was noted in B for the special case of the quintic hypersurface in CP^. 
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with 

where F is a homogeneous function of X of degree 2. The reverse statement is however 
not true: W3 = does not imply that the solution V can always be written in the 
form (2.10). This is proved in Appendix B. 



Note that the property (2.11) does not uniquely fix It is known ||T^,|T5|,|T^JT| 
that precisely for symplectic rotations of V , 

(X^, Fa{X^)) = (X^, Fa{X^)) ■ M , Me Sp{A) , (2.12) 

one has Fa = (dF /dX^) where F is again a homogeneous function of degree 2. Thus, 
the elements of V are defined only up to this kind of transformations. Of course, 
generic linear combinations of the four solutions are still solutions of (2.6), but for 
these the special structure of the solutions (that reflects W3 = 0) is not manifest. 

Symplectic transformations belonging to Sp{2n + 2, M) have a particular meaning 
in special geometry. They represent changes of special coordinate bases and are 
exactly those transformations which leave K form-invariant and consequently do not 
change any physical quantity. (This can be easily seen from eq. (A. 24) which displays 
manifestly the symplectic structure of K.) We will show in the following sections how 
this symplectic structure of special geometry is related to = in the differential 
equation. 

One can similarly discuss the properties of T> when in addition: 

W4 = . (2.13) 

From (2.9) it is clear that this applies in particular if 1^ = const. However, W4{W) = 
is a non-trivial differential equation that possesses also other solutions than W = 
const. One might thus ask about the significance of general solutions of W4{W) = 
with non-constant superpotential. 

If W4 = 0, eq. (2.5) simplifies to 

VV = {d^ + W2d'' + w'^d + ^w'^ + ^wl) V , (2.14) 
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and the solutions are given by {ef, 9192, 9i9l, 9l]^. Here, ^1,2 are the independent 
solutions of the second-order equation, 



10 

One easily determines a symplectic basis to be 

'1^3 



(a2 + ^«;2)^i,2 = 0. (2.15) 



— 9f , Fq — + 2coo-^° + "^coiX^ 

X^ = 9l92 , Fi = i + 2coiXO + 2ciiXi 



(2.16) 



where cab are arbitrary constants. Using the homogeneity property X'^Fa = 2F or 
integrating Fa we find 

From this F we can compute (using (1.3)) the Yukawa coupling and find that it is 
covariantly constant: DW = Q. For cab = (2.17) is the F-function* correspond- 
ing to the homogeneous moduli space SU{1,1)/U{1) (which satisfies the stronger 
constraint DW = 0). Moreover, it follows from the inhomogeneous transformation 
behavior (2.4) of W2 that one can always find a "Schwarzian" coordinate where W2 
vanishes, by solving a Schwarzian differential equation {t; z} = ^W2{t). Then one has 
6*1 = 1, 6*2 = t and thus can take {cab = 0) 

V = {l.t.^t^^t^) , F = \t\ W = d^F = l. (2.18) 

It is clear that t = X^/X^ is precisely the special coordinate of eq. (1.6) (note that the 
coincidence of special coordinates with Schwarzian coordinates holds only if W4 = 0) . 
There is an analogous group action that preserves the relationship between the solu- 
tions of (2.14). This group is just the invariance group of the Schwarzian derivative. 



★ Note that quadratic terms in F are generally not determined by the Picard-Fuchs equa- 
tions. They contribute to the physical Yukawa couplings via . It appears that they can be 
interpreted as perturbative cr— model corrections in Calabi— Yau compactifications [p[. 
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which is 5L(2,1R): 6' = fgj ,ad-bc=l 
easily found through the mapping V = 9^: 



The action on the solutions of (2.14) is 



M 



3a^6 2ahc + aP'd 
6ab'^ 2b'^c + Aahd 



+ acd c^d/2 
2bcd + ad^ cd'^ 
3bd^ d^ I 



(2.19) 



which is part of S'p(4,IR) [^. Thus, the specific structure of the solutions is unique 
up to such SL{2) transformations. 

Summarizing, the above means that if W4 = 0, the situation for generic W2 is 
reparametrization equivalent to W2 = 0, in which case the solutions are given by 
(2.18). This corresponds to a cubic F-function and to constant Yukawa coupling, W . 
In general coordinates where W2 does not vanish, W is not constant (but covariantly 
constant with respect to the holomorphic connections). 

Thus, for covariantly constant Yukawa couplings the differential equation is es- 
sentially reduced to the differential equation of a torus. This is similar to the situation 
for the surface where the only non-trivial 1^-generator is W2 3- The possibility 
of having non-trivial Yukawa couplings, or 104^ 7^ 0, is the new ingredient in special 
geometry. It refiects the possibility of having instanton corrections to W . Specifically, 
it is easy to see from (2.7) that in special coordinates the solutions have the general 
structure 



where the higher order "instanton" terms arise from a non-trivial W4. Thus, the 
invariant W4, measures the deviation from W = const, which is the large-radius limit 
of the Calabi-Yau moduli space. One can actually check that the contribution of a 
given rational curve of degree k to the Yukawa couplings corresponds to a covariantly 
constant W4 generator. That is, from (2.9) one finds that in special coordinates: 
W4^{W = e'^*) = {const)k'^ (see also Appendix B). 

We now turn to another way of understanding the significance of ws = 0. This will 
also allow us to introduce some concepts which nicely generalize to multi-dimensional 
moduli spaces (section 3). 



(2.20) 
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2.2. First-order equations 



Any fourth-order linear differential equation (2.1) is equivalent to a first-order 



matrix equation [25 



- A 



■ V 



0, 



(2.21) 



(for a particular choice of the matrix A) where V is a 4 x 4 matrix whose first row is 
V . A matrix of the form 

/* 1 0\ 



* * 1 

* * * 1 

* * * * 



(2.22) 



corresponds to a fourth-order operator with 04 = 1 whereas tr/K = leads to 03 = 0. 
However, V is left invariant by local gauge transformations acting as V — >^ ■ V 
and A S~^AS — S~^dS, where S has the form 



S 



fl 

* 1 

* * 1 
\ * * * 






ij 



EN C 5L(4) 



(2.23) 



This is just the usual matrix of lower triangular transformations generated by a nilpo- 
tent subalgebra of si (4). The top row of V corresponds to the highest weight and thus 
is also A^-invariant (the other rows of V are gauge dependent). That is, the solutions 
of (2.5) are completely invariant under the local transformations (2.23). 

Note also that the more general gauge transformations belonging to a Borel 
subgroup B of S'L(4), where 



S 



0\ 

* * 

* * * 

V * * * * / 



G B 



(2.24) 



do not leave V invariant but induce 03 7^ and 04 7^ 1. However, this just corresponds 
to a rescaling of the solution V — > f{z)V (and corresponds to an irrelevant Kahler 
transformation in this context). 
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Using the gauge freedom one can put the connection to: 



1,0 



W2 



\ 



1^3 



1 



-^W3 








1 








1 


^W2 


0/ 



e sl{A,R) . 



(2.25) 



To understand this form, recall the well-known relationship* between VF-algebras 
and a special, "principally embedded" SL{2) subgroup /C of G = SL{N) (in fact, 
G can be any simple Lie group). The generators of /C are 



J- = ^ baEa , J+ = ^ Coi{ba)E_a , Jq = PG ' H 



(2.26) 



simple 
roots a 



simple, 
roots OL 



where ha are arbitrary non-zero constants, Cq, depend on the ha in a certain way and 
Pg is the Weyl vector. An intriguing property |]2^ of /C is that the adjoint of any 
group G decomposes under /C in a very specific manner: 



ad3[G)^@'. 



J ' 



(2.27) 



where Vj are representations of SL{2) labelled by spin j, and the values of j that 
appear on the r.h.s. are equal to the exponents of G. The exponents are just the 
degrees of the independent Casimirs of G minus one (for SL{N), they are equal to 
l,2,...,iV-l). 

Recalling that the Casimirs are one-to-one to the W generators associated with 
G, one easily sees that the decomposition (2.27) corresponds to writing the connection 
(2.25) in terms of VF-generators; more precisely, for an A^-th order equation related 
to G = SL{N), the connection (2.25) can be written as P7| , p5[ : 



iV-l 



(2.28) 



m=l 



where J± are the SL{2) step generators (2.26) (up to irrelevant normalization of the 

Wn)- 



* We thank R.Stora for discussions on this point. 
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In our case with N = 4:, the decomposition (2.27) of the adjoint of S'L(4) is given 
by j = 1, 2, 3, which corresponds to W2, and W4^. We noticed above that = for 
special geometry and this means that Ayj belongs to a Lie algebra that decomposes 
as j = 1,2 under /C. It follows that this Lie algebra is sp(4). Indeed, remembering 
that the algebra sp{n) is spanned by matrices A that satisfy AQ + Q A^ = 0, we can 
immediately see from (2.25) that 

Ay, e sp(4) < — > tug = . (2.29) 

Above, the symplectic metric Q is taken as in (A. 25). 

We chose the gauge in (2.25) such that the symplectic structure is manifest. 
General gauge transformations conjugate the embedding of sp(4) in sZ(4), and in 
general gauges the fact that A^y e sp{A) is not obvious. The invariant way to express 
this fact is to state that tus = in the gauge invariant scalar equation. 

Similarly, if in addition 104 = (which corresponds to a covariantly constant 
Yukawa coupling), A^^, further reduces to an SL{2) connection. This SL{2) is identical 
to the principal SL{2) subgroup, /C, since according to (2.28) the entries labelled by W2 
and 1 in (2.25) are directly given by the K, generators J+ and J_. It consists precisely 
of the transformations (2.19) that preserve the non-trivial relationship between the 
solutions. 

3. Differential equations for arbitrary many moduli 

3.1. Holomorphic Picard-Fuchs equations and special geometry 

In this section we generalize the previous analysis to many variables. The basic 
identities of special geometry are given by the system (1.4).* We already men- 
tioned in the introduction that, assuming that (Cq,)^^ is invertible, these identities 
are equivalent to 

DaDp{C-^^)P''D^D,V = , (3.1) 

t The choice (2.25) for A corresponds to an embedding (2.26) with 61 = 62 = ^^s = 1, and 

ci = C3 = 3/10, C2 = 4/10. 
* The relevant formulas of special geometry are collected in appendix A. 
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where 7 is a priori not summed over. 

Since the solution vector V = {Xa{z)^ F'^^X)) is holomorphic, we expect that 
the non-holomorphic pieces in (3.1) that come from the connections in D cancel, so 
that (3.1) is effectively a purely holomorphic identity. We will prove below that this is 
indeed the case by showing that V also satisfies manifestly holomorphic identities that 
are equivalent to (3.1). These equations contain only the holomorphic connections F 
and dK (defined in Appendix A). 

Let us choose special coordinates = X"- /X^ and the Kahler gauge = 1, 
and consider the following set of equations: 



a'' — ''a 

c 



daV = Va 
daVb = WabcV 

(3 2) 

daV = , 

where (V, Vo, F", F°) are all holomorphic and Wabc are the Yukawa couplings in special 
coordinates. The last two equations of (3.2) give 

y°^(i,o), y«^(^^ 1, 0), (3.3) 

while the first two are solved by setting 

V={1, t\ daT, f^d^T-^T), 

3.4 

Va = (0, Si dadbT, t^'dadbT - daT) . 

The holomorphic function T is defined in eq. (A. 33) and satisfies (in special coordi- 
nates) 

dadbdcT = Wahc ■ (3.5) 

This identity is the only non-trivial input in solving the differential equations. The 
system (3.2) can also be written in matrix form, 

(laa-Ca)V = , 

) 61 0\ 

, (3.6) 


















Wabc 
















Vo 








0/ 



- 14 - 



and from the above we see that this is solved by the following (2n + 2) x (2n + 2)- 
dimensional matrix: 



V = 



81 dad^T t^dad^T-d^T 





Vo 



5^ 





1 



(3.7) 



From eqs. (3.2), (A. 17) we can infer the transformation properties of V under coor- 
dinate and Kahler transformation and thus it is straightforward to write down the 
covariant and holomorphic version of eqs. (3.2): 



. 



(3.8) 



where D is defined in eq. (A. 29) and contains the holomorphic connections given in 
eq. (A. 28). This system can also be written as 



(ia«-Aa)v = 0, V 




(3.9) 



which contains the holomorphic "connection" 



Aa — 



f-daK 51 

(r« - do^ki)} 



V 



\ 

{Wa)-,p 

(a«Ki - f ,)? 5i 

do^kj 



(3.10) 



The general solution of (3.9) is just the covariant version of eq. (3.7) and thus corre- 
sponds to the columns of the matrix 



V 




V 








0^-l 

a 





(X°) ^ e 



(X0)-2 

(XO)-i 



(3.11) 
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Here = dat"'{z) which satisfies D^e'^ = 0. Furthermore, in arbitrary coordinates 
is Kahler invariant and obeys 

D^DpD^J' = {X'^yW^f,^ . (3.12) 

The system (3.8) imphes the foUowing manifestly holomorphic equation for V: 

D^DpiW-'fp'^D^D^V = 0. (3.13) 

Using eq. (A. 33) one checks that the first row of (3.11) indeed coincides with V = 
{X^, Fa). We conclude, therefore, that eq. (3.13) is the same as eq. (3.1), except that 
it is written in a manifestly holomorphic way. 

As for one variable, the correspondence between eq. (3.13) and the linear system 
(3.9) is not unique. Indeed, (3.13) is invariant under gauge transformations (up to 
Kahler transformations) acting on V and A via 



S 



/ *lxl 











\ 


* 


*nxn 










* 


* 


*nxn 







v * 


* 


* 


*lxl 


/ 



(3.14) 



which belong to a Borel subgroup B of SL{2n + 2,C). 

It is easy to check that for one variable, the connection A in (3.10) can be gauge 
transformed to the form (2.25) that displays the VF-generators. More precisely, under 
a symplectic transformation 



the connection A takes the form 



(3.15) 



/-dK 



V 



1 

f~dK 






1 

-f + dK 




\ 


1_ 

OK ) 



(3.16) 



where K = K^ ilnVT 



-ln(X°l¥~^/^). To bring further K to the gauge (2.25) one 
obviously needs an additional 5*^(4) transformation that belongs to the nilpotent sub- 
group A^. This transition from (3.16) to (2.25) is nothing but a Miura transformation 
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We have seen in section 2 that the Picard-Fuchs equation for one variable can 
invariantly be characterized by the vanishing of classical VF-generators. The vanishing 
of W3 was related to G sp(4). For many variables, we do not know how to charac- 
terize the differential equation (3.13) in terms of covariant quantities like Wn- But in 
analogy to the one-variable equation, we expect that the statement that corresponds 
to W3 = is just that Aq, G sp{2n + 2) in (3.10). Indeed, the gauge in which we wrote 
(3.10) is manifestly symplectic: one easily verifies that QA = (QA)^, where Q is the 
symplectic metric given in (A. 25). 

More generally, we expect that a multi- variable equation can invariantly be char- 
acterized by the subalgebra g C sp{2n + 2) in which the set of connections actually 
takes values, for given W^p-y (just like for n = 1 where the additional vanishing of 
W4 implies that A^^ G sl{2)). For large n, there exists obviously a large number of 
distinct possible subgroups. (Note that it is in general not easy to determine g, as 
the embedding in sp{2n + 2) is gauge dependent and thus not always obvious. One 
is missing a gauge-invariant criterion for many variables, in analogy to the vanishing 
of certain 1^-generators for one variable.) 

The solution vectors can accordingly be viewed as representations of Sp{2n -|- 2) 
(or of some subgroup). The set of solution vectors when written as a matrix V 
can always be chosen in a way such that this matrix becomes a group element, by 
multiplying V with an appropriate constant matrix from the right. One can easily 
check that our choice of solution matrix (3.11) is indeed symplectic with respect to 
the metric (A. 25). In this way, one can regard V as a vielbein with a well-defined 
symplectic action on both indices [A, a = 1, . . . , 2n -|- 2). * Under coordinate and 
Kahler transformations z —>■ z{z), K ^ K + f(z) + f{z), the matrix V transforms as 
follows: 



y/(5) = 5ri"(z)K,^(z)M^^ 



(3.17) 



where S is the symplectic block diagonal matrix 






e-f^-^ 



s = 








ef^ 












GS, 



(3.18) 



V 



-k The index A corresponds to a symplectic basis of the Hodge bundle Ti. and the index a to the 
flat bundle £ defined in ref. Jl^ . 
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with ^ = = d'z°' /dz^ . Furthermore, M is a constant matrix that can always be 
taken as an element of Sp{2n + 2). One easily infers from (3.10) that these transfor- 
mations are nothing but gauge transformations of the holomorphic connections dK 
and T: 

(3.19) 

r« r'r«e + 9c.in e . 

This point of view allows us to also understand how global Sp{2n + 2) transformations 
acting on the index A induce local frame rotations acting on the index a: the local 
rotations are induced by the requirement that Aq, stays in the gauge (3.10). More 
explicitly, symplectic transformations: V = V ■ M, which act in particular on the 
solution vector as 

A C\ ... (3-20) 



^ ^ [b d) '^Spi2n + 2) 

induce the following reparametrizations of special coordinates: 

~ _ AsX_+B_t^ 

* ~ A%XB + BOBFb^ ' ^ ^ ^ 

These reparametrizations induce local, compensation gauge transformations (3.19) 
with / = Tr(ln^) and ^ = dt^/dtK 

Note that the transformations (3.18) belong to the part of the Borel gauge group 
(3.14) that is not fixed by the gauge choice (3.10); that is, they lie in (the complexifica- 
tion of) the maximal compact subgroup U{n) x U{1) of Sp{2n + 2). This implies that 
the group element V can be thought of as an element of G/H, where G C Sp{2n + 2) 
and H C U{n) x U{1). More specifically, one can decompose [|n| , p!0[ 



A« = r«+C„ , (3.22) 

where the diagonal part, ITq,, consists of the connections F and dK (which are fiattened 
by special coordinates = X" ,X^ = 1). Furthermore, Cq, is the covariant version 
of (3.6) and generates an Abelian, n-dimensional subalgebra of sp{2n + 2) that is 
nilpotent of order three: CqC/^C^C^ = 0. Thus, G is determined by the subalgebra 
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of sp{2n + 2) in which Cq takes values, and H is determined by the subgroup of 
U{n) X U{1) that is gauged by . 



More precisely, V is an element of G^/B (which is, essentially, isomorphic to 
G/H), where G^ is the complexification of G and B the Borel subgroup (3.14), which 
contains the complexification of H. From this viewpoint one can easily make contact 
to supersymmetric a-models on moduli spaces. According to [^, Kahler poten- 
tials for homogeneous Kahler manifolds G/H can be written in terms of holomorphic 
CCWZ type coset representatives L G G^ / B as arbitrary functions of Kq = vLQL'^v^ . 
Here, L transforms under global G transformations as: L{z) g = S{z)L{z), where 
g E G and S E B. Furthermore, Q is the metric of G and v denotes an isotropy vector, 
which is left invariant under S (up to a t/(l) factor, which corresponds to Kahler trans- 
formations). Note that Kq is manifestly invariant under global G and under local S 
transformations (except for the Kahler transformations) . Taking for Q the symplectic 
metric (A. 25), f = (1, 0, . . . , 0) and L = V, the logarithm of {—i)KQ gives precisely 
the Kahler potential (1.2) of special geometry: vYQY^v"^ = — (X^F^ — X Fa)- 

In the generic case, G/H = Sp{2n + 2)/U{n) x U{1), but the moduli space in 
which V(2;) actually takes values is a complicated subvariety of this space. However, 
there are special cases where G and H are effectively smaller subgroups; one example 
are the theories with cubic F-function where the moduli spaces are directly given 
by G/H. For instance for n = 1, the generic moduli space is some complicated 
one-dimensional submanifold of ^'^^{^'^ whose complex dimension is four. But for 
constant coupling W (and for cab = in (2.17)), the moduli space in which V takes 
values is the one-dimensional submanifold G/H = —fj^jy^- The special geometry of 
cubic F-functions is further discussed below in Appendix C. 



3.2. Non-holomorphic Picard-Fuchs equations 

In this section we establish the relationship between the first-order systems (1.4) 
and (3.8). Let us first note that the gauge group (3.14) can also be extended to non- 
holomorphic gauge transformations S = S{z,z) that leave V invariant. The point 
is that eqs. (1.4) and (3.8) are precisely related by such a non-holomorphic gauge 
transformation. Thus the non-holomorphicity of (1.1) and (1.4) can be viewed as 
gauge artifact and this refiects the fact that all quantities in special geometry are 
determined entirely in terms of holomorphic quantities. 
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More specifically, one can rewrite the non-holomorphic system (1.4) in first-order 



form 



v^v = (la^ -^a)u = 



where U = {V, f/^, t/^, V)^ and 



Ac 






V 



€ _ \ 

Q g ^ 

/ 



(3.23) 



(3.24) 



In addition U also satisfies 



(3.25) 



where 



( ° 































V 





a 





(3.26) 



It is easy to verify that as a consequence of (1.1) the connections Aa and Aa have 
vanishing curvature [l^]* : 



(3.27) 



It follows that via non-holomorphic transformations S{z,^) that leave V invariant 
{SV = V), one can gauge away Aa and make A^ purely holomorphic. As a conse- 
quence of eq. (3.27) one can go to a gauge where 



Atv — (S(^77(S 



(3.28) 



This implies 



d^{SV) = and d^[SAc,S~^ - Sdc,S~^] 







(3.29) 



★ Vice versa one can start from a covariantly constant basis (V, Ua, U—, V) of a flat S'p(2?T,+ 
2, M) vector bundle £ with connection A and derive the fundamental identities (3.23) and 
(3.25) of special geometry. 
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so that the non-holomorphic system (3.23) becomes the holomorphic system (3.9) 
with 

A = SAaS-^ - SdaS-^ , V = 5U, (3.30) 

which displays a residual gauge symmetry of holomorphic transformations. Of course, 
one could also have chosen gauge transformations S that leave the lowest row of V, 
ie. V, invariant; in that case one would have produced a purely anti-holomorphic 
connection A-^- The point is that there is no invariant subspace with respect to both 
S and S, so that the connection cannot be completely flattened. 

3.3. Singular Picard-Fuchs systems 

In the previous considerations we have assumed that the matrices {Wa)/3'y = 
Wap-y are invertible for all a. It is interesting to find the implications of degenerate 
fourth-order partial differential equations (3.13). 

i) The simplest situation is when Waf3-y = 0. Then, from (3.8) or alternatively 
from (1.4) one can see that the Picard-Fuchs identities become of second order 

D^DfsV = 0. (3.31) 

In special coordinates we get 

dadbV = (3.32) 

with solutions (l,t"). This corresponds to JF = (t")^ — i, and implies that the 
symplectic connection (3.10) becomes block diagonal in two (n + 1)^ blocks. The 
matrices Ca are nilpotent of order two (CoC^ = 0), and the solution matrix is given by 

V = e*"*^" . (3.33) 

The moduh space is (locally) G/H = U{1, n)/U{l)xU{n) with the embedding 2n+2 = 
(n + 1) e (n + 1) of U{1, n) in Sp{2n + 2). 

ii) We now consider the situation in which W^fs-y does not vanish but is degener- 
ate. This is best discussed in special coordinates where ITq = and Aq, = Cq. Let us 
first consider Wijk — for some subset of indices i,j, k, and also Wiab = 0, Wijt, = 0. 
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Then, assuming that the remaining couphngs Wabc give rise to an invertible matrix 
(W°')^^, we have two sets of decoupled equations 



^^^JV =0 



(3.34) 



dadbiW-^T'^'dcddV =0 
with solutions given by the prepotential 

, t«) = c + {ff + rit") . (3.35) 

To write these equations in arbitrary coordinates we note 

DaVp = Wo^p^V = d^t^dpt^'d^fWABcV^ (3.36) 

(where A,B,C here stands for either a, 6, c or i,j,k). Equivalently, multiplying by 
the inverse vielbeins = (ej^)~^ = {dat^)~^ one gets: 

eSe|5«F/3 = WabcVc^ (3.37) 

Supposing Wabc = Wabc, Wijk = Waij = Wabj = 0, we get 



-l\abc„a^P 



efe^D^DpV -0 



(3.38) 



DpD^{W-'r"=e2e'^DaDf3V = 0. 

Using DaCp = 0, the last equation can also be written as 

e'Aey!DMW-'r"^D^DpV = . (3.39) 

In (3.37) and (3.38) all moduli coordinates appear, but the structure of the equations 
is such that they indeed become decoupled by making a coordinate transformation. 
The coordinate independent statement on the Yukawa couplings is 

^^j^Wo^fij = (3.40) 

for a subset (z, j,k C A,B,C); A, S, C = 1, ■ ■ ■ , n. 

iii) There are two more special cases of interest. One corresponds to two non- 
vanishing Yukawa couplings for different sets of indices Wijk 7^ 0, Wabc with 
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Wiab = Wija = 0. In this case one gets two sets of fourth-order equations of the type 
(3.39) . 

iv) The other case is when Wijk = 0, Wija = but Wiab 7^ 0. Here the matrix 
Wi is invertible in the subblock (a, b) and the matrix Wa,BC is fuUy invertible. The 
prepotential, in special coordinates, is of the form 

J^{t\ t") = CijtH^ + h,{e)t' + /i(t") C,j = const. (3.41) 

In this case we get three sets of decoupled differential equations 

efelD^DpV =0 
e^e^5«5^(W^-i)"^^5^4y =0 (3.42) 
e>'ae^^D^Dp{W-^y''''DpD^V = 0. 

The purpose of these exercises was to find the differential equations for decoupled 
chiral rings. In special coordinates, this refiects in a simple additive structure of F. 
On the other hand, the corresponding Kahler metrics by no means have the structure 
of direct product manifolds, and are rather quite complicated. This shows that special 
geometry is most easily characterized by F and not by the geometry of the underlying 
manifold. 



4. Relation to Calabi-Yau manifolds and topological field theory 

The discussion of sections 2 and 3 has been completely general and without any 
reference to Calabi-Yau moduli spaces or to more general c = 9, (2, 2) superconformal 
field theories. In this section, we relate our discussion to the special case of Calabi-Yau 
manifolds and to topological Landau-Ginzburg theories. We understand that part of 



the material of this section is well-known (see, for example, P9| , p^ , p0| , |31| , pl4P0| ,^ ) , but 
we think it is important to give the precise relationship to special geometry. This 
relationship is useful for practical computations. 



We like first to review some properties of the period matrix pp| , |5D[ ]. For those spe- 



cial geometries for which there exists an underlying Calabi-Yau space M., the sections 
V, Ua, U-p and V in the non-holomorphic system (1.4) can be viewed as basis elements 
of the third real cohomology oiM, that is, of H^'^\m, R), H^'^\m, R), H^^'^\m,M) 
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and H^'^\Ai,'Si), respectively. Furthermore, the solutions {X^.Fa] 



of the Picard- 



Fuchs equation (3.13) are just the periods of the holomorphic three-form, O |29,30,15 



n 



lA 



n 



(4.1) 



7B 



{A, S = 0, . . . , n where n = /i^'^). Here, 7^, 7^ are the usual basis cycles of if3(7Vl, IR). 
More generally, the complete solution matrix V^^ of the first-order system (3.9) can 
be interpreted as the period matrix of A4, 



Xy^ Xa 

\ f n J 



l,...,(2n + 2) 



(4.2) 



It is well-known ||2^ that the period matrix is defined only up to local gauge trans- 
formations, 

/* 

n ~ , s = 

















e B 



(4.3) 



and this is precisely the gauge symmetry (3.14) of the first-order system. Thus, 
we can represent the period matrix also in the holomorphic gauge (3.11), where the 
non- holomorphic sections 17^ , Ua, V are replaced by holomorphic basis elements 
(V",K.,y",yO) of H^. 

In addition, the period matrix is equivalent under conjugation by an integral 
matrix. A: 11 ~ HA. These transformations A G Sp{2n -f 2,2), which correspond 
to changes of integral homology bases, preserve the symplectic bilinear intersection 
form Q of H^{M.^ Z), that is: AQ A^ = Q (the subset of these transformations that 
leave F invariant up to redefinitions constitute the "duality group" ) . This intersection 
form is at the origin of the symplectic structure of the period matrix. More precisely, 
denoting the {n-\-l) x (2n + 2)-dimensional submatrix 11^"^, £ = 0, . . . , n by 11, then 
one has in general^ 



. 



(4.4) 



* For d-dimensional complex manifolds, the invariance group of Q is Sp{b'^) if d is even, and is 
equal to SO{h'i^, fel) if d is odd pot- As a consequence of this and according to our discussion 
in section 2, it follows that in the differential equations for one variable one necessarily has 
Wn = for odd n pOl. This generalizes Ws = for Calabi-Yau spaces. 
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This equation is analogous to Riemann's bilinear identity for period matrices of 2d 
surfaces, and is satisfied for 11 G Sp{2n + 2). This is indeed a general property of the 
solution matrix V (3.11) in special geometry^ . 

On the other hand, in special geometry there is no intrinsic notion of homology 
cycles. Rather, the symplectic structure arises from the appearance of Q in the Kahler 
potential, 

K = -\n{n\n) = -\n[V{-iQ)V^ , (4.5) 

where {x\y) = Jj^^ x Ay and V is equal to the first row of the symplectic matrix V. 
As we have seen in the previous sections, the existence of such a solution matrix is 
guaranteed by the fact that the connection in the first-order system (3.9) is symplectic. 
This matrix equation, in turn, is an expression of Wap-y = daX'^dpX^ d-^X'^ Fabc ■ 
Thus, in a sense, it is this identity that is responsible for the symplectic structure of 
special geometry. 

Of particular physical interest are the Yukawa couplings, Cap-y = e^W^p-y. 
According to [^[I^, for a given Kahler potential (4.5) the holomorphic sections Wa/s-y 
can be written as: 

Wc^pj = {n\dc,dpd^n) . (4.6) 

It is crucial to note that equations (4.5) and (4.6) determine the gauge of W^p-y in 
terms of the gauge of K, so that there is no ambiguity in the physical couplings 
Cctp-y- One can easily check that the derivatives in (4.6) can be replaced by covariant 
derivatives for free, reflecting the fact that Wap-y is Kahler and reparametrization 
covariant. From the first-order systems (3.23) or (3.9) it is clear that differentiation 
by dct on is equivalent to multiplication by the matrix Aq,. Thus, the holomorphic 
couplings can be written as a triple matrix product: 

W^p^ = {A^ApA^)^\v\V'') . (4.7) 

Considering the form of Aq, in either the non-holomorphic gauge (3.24) or in the 
holomorphic gauge (3.10), it is easy to see that eq. (4.7) is indeed identically satisfied. 



I Of course, not every solution matrix V of special geometry needs to correspond to a period 
matrix of some Calabi-Yau space; this is a variant of the Schottky problem. Thus, special 
geometry is more general than compactification on Calabi-Yau manifolds. 



Let us now discuss how WafSj and K can be computed explicitly. One method 
is to evaluate the period integrals (4.1), using X^Fa = 2F to obtain F. This is 
how the Yukawa couplings for the quintic have been computed in [||. In general, 
however, it seems to be easier to solve the Picard-Fuchs differential equations [^||. 
These equations, though, just represent identities ultimately expressing the fact that 
Wa/s-y = dadjsd-yF, and depend explicitly on the unknowns Wap-y- Thus, one needs 
additional information in order to pin down the explicit form of these equations. This 
additional input makes use of the fact that the period matrix can be represented in a 
very specific way. 

To be more precise, consider first the perturbed, quasi-homogeneous potential 

W(a;i,//a) = y^Q^Xi) - ^^HaPa{xi) , a ^ 1, . . . , k^'^ , (4.8) 

where W = describes the Calabi-Yau manifold in question (for simplicity, we re- 
strict our discussion to hypersurfaces in weighted projective 4-space; the generaliza- 
tion is straightforward). Above, Pa{xi) denote the marginal operators (which are 
polynomials in the homogeneous coordinates Xi), and the dimensionless moduli /ia 
are certain functions of the fiat coordinates t". As is well-known, W can be viewed as 
the superpotential of a Landau-Ginzburg theory that describes the underlying N = 2 
superconformal field theory , but this interpretation is not necessary in the present 
context. 

The non-trivial point is that the period matrix can be represented, in a particular. 



holomorphic gauge as follows 29]: 



= f '^"^^^^ 00 (49) 

Here, the homology cycle 7^ is a basis element of if3(7Vl, IR), u an appropriate volume 
form and £{a) is determined by the degree of the homogeneous polynomial 4>a{xi) (so 
that the integrand scales correctly). In general, these (f>a{xi) can be any basis of the 
local ring TZ of W, but we restrict here only to those polynomials that represent the 
third cohomology of the Calabi-Yau space. They generate a subring which we denote 
by TZ^^\ More specifically, we choose 7^'^'^^ = {^q} = p}, where Pa are the 

marginal operators in (4.8), p is the unique top element of TZ, and p^ can be defined 
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such that PaP^ = S^p. Clearly, (p^ = 1,Pq,,p^, p are associated with differential forms 
belonging to H^^^^\ if^^,!)^ if (1,2)^ if (0-3), respectively. 

For example, for the quintic discussed in with W = X]i=i(^i)^ ~ l^-^ (where 
X = X1X2X3X4X5), the subring TZ^^^ consists of elements (pa = -^"5 « = 0, . . . , 3, 
which are associated with ij(3-«.Q:)^ respectively. 

The period matrix (4.9) identically satisfies the following holomorphic, first-order 
"Gaufi-Manin" system: 



1 



d 



n 



where 11 



I 

rp_ 

J W3 



and Aq, = Fq, +Cq, with 



(4.10) 



/* 

* * 

* * * 
\ * * * 



\ 



(4.11) 



This system can be seen as a gauge and coordinate transform of the holomorphic spe- 
cial geometry system (3.9) (and also of the non-holomorphic system (3.24)). The ma- 
trices Cq, are the structure constants of the subring 7^^"^^ and the couplings {Wa^)fj-~^ 

are determined by simple polynomial multiplication modulo the vanishing relations, 

iv) 

ie., by PaPfi = W^^^p^ mod VW. The crucial point is that also the components of 
Fq, can be easily computed* directly from W (this is explained in detail in 0,3). 

One way to solve the system (4.11) is to go to fiat coordinates = X^-fX^ where 
the Gaufi-Manin connection vanishes. As was shown in detail in [Q, imposing this 
condition gives a differential equation that determines explicitly the dependence of 
the Landau-Ginzburg couplings p^ on the t". (The precise form of this complicated, 
non-linear differential equation is not important here and can be inferred from Q.) 
In such fiat coordinates and in an appropriate gauge, the first-order system takes the 
form (3.6). In going to (3.6), we implicitly compute eq. (4.7) 



Wabcit) 



(p) dpa dpp dp^ 

a/37 Qta Q^b Qtc ^ ^ I 



(4.12) 



* They arise from the VW piece, by partial integration. Note that the above expansion of PaP/s 
is in general by no means unique, reflecting the gauge freedom in (4.10). 
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where V = f and = f y^w. One can view (4.12) as a change from a topo- 
logical basis (with indices a, /3, 7) to a flat basis (with indices a, 6, c), and {V \V^) as 
a change of Kahler gauge. It can be inferred from ||30] that 



where Fs is the direct product of five one-dimensional contours that wind around the 
five curves diW = 0, and (( )) denotes the Grothendieck residue [l7|,|33[]. It has the 
property: {{H)) = 1 (up to a constant), where H is the Hessian of the superpotential, 
that is, H = det[dj:.dj:.W{xk)]- In general, p and H differ by some holomorphic 
function and vanishing relations, p = fnH mod VW, so that 

{V\V') = {{p)) = fH. (4.14) 

For example, for the quintic: wl^\ = 1 and fn ~ -, _^ 5 . It follows that Wm ~ [tK : 



which is the result of (in a particular gauge). 

In topological Landau- Ginzburg theory [[7|,|33[] one considers three-point correla- 
tors: 

(($a$.$c)) = wilfiiH)), (4.15) 

where (( )) has exactly the same meaning as in (4.13) and where the fiat fields are 
defined by: ^a{xi,t'^) = —-^W{xi,p{t^)). Referring back to the form of the 
superpotential (4.8), one quickly sees that one indeed computes here absolutely the 
same thing as in (4.12), that is^ : wj^l^f^ = Wabc-, and the Kahler potential in the 
corresponding gauge is: K = — \og{V\V) . 

This is of course as expected, since also wj^l"^^ can be represented as a triple 
derivative of some function F [0. One might think that this fact already proves the 
equality of wj^l^f^ and Wabc of special geometry, defined in (4.6). However in []T^ it 



was shown that there generally exist at least two different coordinate systems where 
Wctp-y = dadpd^F with two different and inequivalent Kahler potentials that solve 
the defining equations (1.4) of special geometry. Given this potential ambiguity, we 
feel, therefore, more comfortable displaying explicitly the relationship between the 



I A similar result was obtained in p^ , but the precise relation of W'^J^f^ to special geometry 
remained unclear. 
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couplings W^i^f computed in topological field theory on the one hand, and Wabc and 
K of special geometry on the other. 

Note that rescaling W e-^'-^-'W gives an equivalent superpotential. From (4.9) 
we see that this just amounts to a Kahler transformation, O — e~-^0. Therefore a 
better, covariant way to specify flat flelds is 

(4.16) 

where daK = —da log , 

such that $a e-^$Q. This transformation behavior is actually required for consis- 
tency of (4.15) as Wabc e-^fWabc and H &>fH. 



5. Outlook 

The investigation carried out in this paper leads to a number of open questions. 
We saw that in a one-dimensional parameter space the Picard-Fuchs equation is 
characterized by 1^-generators. We believe that it is presently not known what 
the analogue of VF-generators in higher dimensional parameter spaces would be. It 
seems interesting to flnd these "invariants" of partial differential equations and their 
generalized VF-algebra. Furthermore, we have seen that for one variable, instanton 
corrections to the Yukawa couplings are related to the tx;4-generator. Thus, there 
might be a generic relation between the geometry of the VF-algebra and instantons 
on Calabi-Yau manifolds. The multi-variable analogue might elucidate the general 
structure of instanton corrections to the effective action; it might be instructive to 
consider a higher dimensional example explicitly. 

Another topic we did not touch upon in this paper is the quantum duality symme- 
try. For Calabi-Yau compactiflcation the duality group is related to the monodromy 
group of the differential equation [p|,^,[5|,p5| , which in turn depends on the zeros 
and poles of the Yukawa couplings. We are confident that the covariant formulation 
(3.13) of the Picard-Fuchs equations presented in this paper will help to understand 
the general properties of the duality symmetry. 
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Appendix A. Special Geometry 

In this appendix we first briefly recall the properties of a Kahler-Hodge manifold 
as they are relevant for A?" = 1 supergravity. Then we turn to special Kahler manifolds 
on whose geometrical structure this paper is based. We briefly indicate how special 
geometry arises from N = 2 supergravity and assemble the main formulas used in the 
text. 

A.l. Kdhler-Hodge manifolds 

The metric of an n-dimensional Kahler manifold is given by 



where K{z^ z) is the Kahler potential. Let us introduce the 1— form Q deflned by 



9a'p^^^ ^) = da&^K{z, z) , 



(A.1) 



Q= - '-{da^Kdz'' - d^Kdz^) . 



(A.2) 



Under Kahler transformations 



K 



K + f{z) + fCz) 



(A.3) 
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g^-p is left invariant, while Q transforms as a U{1) connection (Kahler connection): 

Q^Q+d{Imf). (A.4) 
Introducing the Kahler closed 2— form a; 

uj = ig^-^dz"' Adz^ , do; = , (A.5) 

we find 

dQ = uj. (A.6) 

Therefore, the first Chern class of the U{1) bundle L whose connection is Q coincides 
with the Kahler class u). A manifold with this property is called a Kahler-Hodge 
manifold. 

A section ip{z,z) of L with Kahler weight {p,p) is defined by the transformation 

law 

ip{z,z) — >i>{z,z) e 2^ e 2J . (A.7) 

Accordingly, we define ^7(1) co variant derivatives by 

(A.8) 

A covariantly holomorphic section, satisfying D^ip = 0, is related to a purely holo- 
morphic field ip by 

^=e2^V'- (A.9) 

ip has weight (p — p, 0) and satisfies = 0. The Levi-Civita connections and their 
curvatures are defined by 

rv = a'^'df.g^-,, R-^s = %r^,. (A.io) 

(Analogous formulas hold for the barred quantities and R°'-^-.) Thus for a vector 
of weight {p, p) the covariant derivatives read 
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A. 2. Special Kdhler manifolds 

The notion of special Kahler geometry first arose in the context of coupling vector 
multiplets to = 2 supergravity (in four space-time dimensions). It was shown that 
the Kahler manifold spanned by the scalar fields of the vector multiplets must be 
suitably restricted as a consequence of = 2 supersymmetry . A coordinate-free 
characterization of such restricted geometry was given in in the context of = 2 
supergravity and in 0,|l^ for a Calabi-Yau moduli space. 

In order to understand how special geometry arises from N = 2 supersymmetry 
let (A''^", A") be the chiral-antichiral components of the gaugino field (7 = 1,2 being an 
0(2) index), and (A = 0, 1, . . . , n) the vector superpartners and the graviphoton. 
On general grounds, their supersymmetry transformation laws are 

S.Ai = f^T\^e'eij-2eijL\'i;i + h.c., 

where the dots stand for terms that are irrelevant for now. Here and tpj^ are the 
(chiral) supersymmetry parameter and gravitino field respectively, and e/j is the 0{2) 
antisymmetric symbol. The sections L^, C-^p-y, C--^- and their chiral partners 

L , , C^-^-, Cap-y are a priori unrestricted scalars and tensors whose Kahler weight 
is fixed by Kahler covariance. The restrictions on the Kahler geometry arise from the 
on-shell closure of the above supersymmetry transformation rules. In the superspace 
approach, this corresponds to imposing the Bianchi identities on the supercurvatures. 
One finds that the closure on A"^ implies 

D^L^=f^, D^L'' = J^, (A.13) 

(Note that the last set of equations is just the integrability condition of the second 
set.) Closure of the gaugino transformation implies 

CaP-y = C^-^- = , 

Dafp = -iCctp-yg'^'^ fs , 

D^J^ = -iC--^g^'f^, (A. 14) 

DaCp-yS = D[ctCp]jS = 0, 

^(^^Pis = ^[^^p]is = 0' 



= 0, 




= 0, 


J a ' 




J a 1 


p^ ' 




= 9^-pL^ 
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as well as Cap^y being a completely symmetric tensor. As an integr ability condition 
of eq. (A. 14), one finds that the curvature satisfies the following constraint 

Rap^5 = 9al39Sj + 9aS9l3j — C/SSfig'^'^C-fXaj ■ (A. 15) 

From eq. (A. 14) we also learn that Cq,/?^ obeys 

Cal3'y = DaDpD^S, (A.16) 

where S has weight (2, —2). 

The above properties lead to the following definition of a special Kahler manifold. 
A special Kahler manifold is a Kahler-Hodge manifold for which there exists a set 
of n + 1 sections L^{z,z) and L {z,z) of weight (1,-1) and (—1,1) respectively, 
satisfying (A. 13) and (A.14), and a section of weight (2,-2) ((-2,2)) Ca/s-y (C-^-) 
which is completely symmetric in its indices and satisfies (A.14). 

Equivalently, a special Kahler manifold can be defined by introducing a 3-index 
symmetric tensor Cafs-y on a Kahler-Hodge manifold with the properties (A.14) and 
furthermore restricting the curvature by the constraint (A. 15) . The existence of the 
sections and their properties then follow. 

The Kahler potential itself is most easily expressed in terms of holomorphic sec- 
tions. By using (A. 9) one defines X^{z) and Wa/s-yiz) of Kahler weight (2,0) and 
(4, 0) respectively: 

X^iz)^e-fL''{z,z), (feX^ = 0, 

Wai3j{z) = e~^Cai3j{z, z) , doWp^s = . 

We also need to introduce a functional F^X"^) which is holomorphic and homo- 
geneous of degree 2 in the X"^: 

2F = X^Fa{X), Fa=q^F. (A.18) 

In terms of X"^ and Fa the Kahler potential which solves the constraints (A.14) and 
(A. 15) reads 

K{z,z) = - XniY , Y ^ X^NabX^ ^ X'^Fa-X'^Fa, (A.19) 
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where 

NAB=FABiX)-FAB(X), FAB = dAdBF. (A.20) 

Furthermore, Cap-y is given by 

C'a/37 = DaDpD^S = daX'^dpX^ d^X'^ Fabc , 

Prom eqs. (A. 13), (A. 14) and (A.17)-(A.21) it is straightforward to verify that 
and Fa satisfy the same set of constraints. Therefore we introduce the (2n + 2) 
dimensional row vectors* 

V = {X^,Fa) := (X°,X«,F«,-Fo) , (a = l,...,n). (A.22) 

Using (A.17)-(A.21) we rewrite the identities (A. 13) and (A. 14) as follows 

DaV = 0. 

It is this set of constraints we use in the main text. Similarly, one derives the con- 
straints including the anti-holomorphic derivative D^- 

The Kahler potential can be expressed in terms of V and as follows: 

K=-\n {V{-iQ)V^) , (A.24) 

which makes its Sp{2n + 2,]R) symmetry manifest. Above, Q is a symplectic metric 
which satisfies = —1 ,Q = —Q^. Our convention is 



Q 



( 1 

-In 

In 

V-1 



(A.25) 



Note that the vector V in (A.22) is symplectic with respect to this metric. 

★ We take the expression {X^ ,Fa) always as an abbreviation for — .Fo)- 



An important property which foUows from eqs. (A. 23) is that the connections 
of special geometry defined in eq. (A. 11) naturaUy decompose into holomorphic and 
non-holomorphic parts W^■ This fact can be displayed by defining 



r(^) = |^. (A.26) 



In terms of and one finds 
where 



(A.27) 



IC^iz^z) = el{z)Ka{z,z) ^ el{z)^^K{t{z),t{z)) 
K^{z) =-dc,\nX^{z) 

el{z) = dj'^iz) (A-28) 

The holomorphic objects and V^^ transform as connections under Kahler and 
holomorphic reparametrizations respectively; moreover Tg^ is a tensor under holo- 
morphic diffeomorphisms and /Cq, is Kahler invariant. As a consequence one can 
define holomorphic covariant derivatives in analogy with (A. 11) by 

Dc^cpp = [dc. + ld^K)(t)p - flpct)^ . (A.29) 

The covariant Picard-Fuchs equations precisely use this holomorphic derivative. 
Moreover, F is a flat connection, i.e. satisfies 

RU ^ d^^lp - + KpKs - "^spno. = ■ (A.30) 

The holomorphic metric for which F is a connection reads 

9o.p = ele^rjab (A.31) 

where r]ab is a constant (invertible) symmetric matrix. (Note that 'ga/s has two holo- 
morphic indices in contrast to the Kahler metric g^-p-) 
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The flat coordinates are exactly the "special coordinates" t"- = z°'. In these 
coordinates we find 

< = ^S, r^/3=0, 9af3=Va^ (A.32) 

(The gauge choice = 1 implies Ka = 0.) 

In terms of t"' one defines the Kahler invariant function 

= . (A.33) 

The Kahler potential can then be expressed as (up to Kahler freedom) 

K = -lni[2(J^-:f) + (^„ + 7a)(t"-r)] . (A.34) 

The special coordinates play the double role of flat coordinates for the holo- 
morphic geometry with flat connection T and of "free falling frame" coordinates for 
(non-holomorphic) special geometry. The analogue of local Lorentz transformations 
in the free falling frame is given in our case by the symplectic transformations that 
relate equivalent patches of special coordinates. 

Appendix B. Remarks on ws = and covariantly constant W4. 

We first show that ws = does not imply that the solutions of eq. (2.1) are 
equivalent to (2.10). Let us start from an arbitrary solution V = (f 1, ^2, ^3, ^^4)- It 
is always possible to rescale the entire vector V by 1/vi. This leads to ^ = 
(1, t;2/f 1, ^^s/f 1, f4/t'i) where V satisfies an equation (2.1) with uq = 0. In the next 
step we perform the coordinate transformation z ^ z — V2/V1. In these coordinates 
eq. (2.1) turns into 

(d^ + asd' + a^d^) = , V={l,z, /i(i), /2(i)) (B.l) 

(Again, we have scaled out 04). The two steps so far can be done for any fourth-order 
equation. It is equivalent to fixing the scale (Kahler) -freedom and the coordinate 
frame. In these new coordinates is given by (we drop the tilde) 

W3 = -da2 - + \d'^a-i + ^a^da^ + \al . (B.2) 
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By writing = —2d\nW and a2 = 62 VF, simplifies to 

ws = W{db2 - d^W-^) . 



(B.3) 



Thus ws — imphes the relation 

62 = d^W-^ + ci , (B.4) 
where ci is a constant. Inserting (B.4) into (B.l) we find 

{d^W-^d^ + cid^)V ^0. (B.5) 

For ci = this is solved by 

= W, d^fo = zW (B.6) 

which implies 

/O = Zh - 2/1 + C2Z + C3 . (B.7) 

This is precisely what is true in special geometry. However, one can easily check (by 
series expansion) that this does not apply any more if c 7^ 0. This means that = 
does not fully characterize the differential equation (2.6) of special geometry. 

Finally, we briefly discuss solutions of the generic fourth-order equation (2.5) 
with covariantly constant w^: 

5^4 = 0. (B.8) 

This can easily be solved in special coordinates, where (B.8) reduces to dw4{t) = 0, 
by setting 

W{t) = e^"* . (B.9) 

From this we obtain W2 = — fo!^ and W4 = a^, and (2.5) is solved by first changing 
to the coordinate system u{t) where W2 = 0, that is, where 

{u,t} = -la'^. (B.IO) 

Then one solves the associated second-order linear differential equation 

e" -a^e = 0^9i = e'** , 02 = e-"* u{t) = ^= e^"* . (B.ll) 
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In the coordinates u we have 



w,{u) = (-) w,{t) = (a-) = -— , (B.12) 



• du du 16m 

and the fourth-order differential equation (2.5) becomes: 



1^^" + ^T^ = V={u')f'v (B.13) 

It has solutions V = u^^ , where (3i are the roots of 

/3(/3-l)(/3-2)(/3-3) + -^ = 0. (B.14) 

16 

Altogether we find: 

V{t) = e^"* (e^-^i*, e^"^^*, e^"^^*, e^"^^*) . (B.15) 

This is similar to the instanton-corrected solution of , and more specifically suggests 
that a covariantly constant W4 characterizes single instantons, in accordance with our 
considerations in sect. 2.1. 



Appendix C. Differential equations for cubic F-functions 

It is helpful to first reconsider the first-order system for one variable. We have 
seen in sect. 2.2 that for constant Yukawa coupling and in special coordinates, where 
W = 1 and F = ^t^, the matrix connection is given by the step generator 




= C = , , , , = J- , (C.l) 



of the principal SL{2) subgroup /C C 5'p(4). The diagonal generator Jq belongs to 
the gauge group. Thus, in accordance with our considerations in sect 3.1, the moduli 
space is SL{2)/U{1). 

More generally, all special geometries with a cubic F-function 

„ 1 X'^X^X'' 



Wa. 



31 " "^'^ 
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correspond to special, homogeneous Kahlerian manifolds, G/H [jT2.3^. They typically 
describe moduli spaces of orbifolds. 

Let us fix the gauge X"- = t", = 1. Then the flat coordinates are associated 
to G/H. More precisely, they are associated with the (mutually commuting) broken 
raising generators of G in the Cartan-Weyl basis, and thus they are coordinates of 
G'^/B (which is, essentially, isomorphic to G/H). Furthermore, the subgroups H 
act linearly on the coordinates. One may view these groups as being gauged by the 
connections V in (3.10). Thus the generalization to many variables is the system of 
coupled matrix differential equations 



V 



0, 



(C.2) 



where are the generators of G/H appropriately embedded into sp{2n + 2) (with 
n = dirricG/H). These equations are solved by each column of the symplectic matrix 



/I r 


Fa F 


1 


Fab Fab 





1 


\0 


1 


vector* , 


V = (l,r,il 



\ 



(C.3) 



serve that V G G^/B = G/H reflecting the fact that the moduli space is given by 
G/H. Furthermore, the Yukawa couplings are just the top-bottom components of the 
triple product of coset generators (cf. (4.7)): 



(2n+2) 



The symplectic embeddings^ of G generalize the principal embedding of /C. 
Note that in order for F to be cubic, the representation of V must be irreducible with 
respect to G: 



R = 2n + 2 of Sp{2n + 2, IR) 



2n + 2 of G 



★ Note that the components of V are hke elements of some local ring TZ^^^ , the structure constants 
of which are given by the coset generators Cq,. 



I Such symplectic embeddings have also been considered in |37 
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so that the top and bottom rows of V are highest and lowest weights of r. Otherwise, 
the action of vanishes on some intermediate components of V (the highest weights), 
which imphes that Wabc = 0. For example, for ^^^^^^^ with n > 1, r = n + 1 n + 1 
is reducible and accordingly, F is not cubic but only quadratic. 

As an example, consider [l37| 



G/H 



SU{3,3) 



SU{3) X SU{3) X U{1) 



dirricG/H — n — 9 . 



(C.4) 



Here, G = S'[/(3, 3) is maximally embedded in Sp{2Q) according to 20 = (6 x 6 x 
Q)antisym- The Variables correspond to the broken generators Cq, which transform 
as (3,3) under SU{3) SU{3). These matrices are the following nine commuting 
generators of G = SU{3, 3) in the 20— dimensional, threefold totally symmetric rep- 
resentation: 








/o 





5' 51 













6' 61 




(C.5) 



with i, i, = 1, 
U{9) X U{1). 



■ 3. The local symmetry group H = U{3) x U{3) is embedded in 



- 40 - 



References 



[1] T. Banks, L. Dixon, D. Friedan and S. Shenker, Nucl. Phys. B299 (1988) 613. 

[2] P. Candelas, X.C. de la Ossa, P.S. Green and L. Parkes, Phys. Lett. 258.B (1991) 
118; Nucl. Phys. B359 (1991) 21. 

[3] A. Cadavid and S. Ferrara, Phys. Lett. B267 (1991) 193. 

[4] W. Lerche, D. Smit and N. Warner, Differential equations for periods and 
flat coordinates in two-dimensional topological matter theories, preprint LBL- 
31104,USC-91/022,CALT-68-1738. 

[5] D. Morrison, Picard-Fuchs equations and mirror maps for hypersurfaces, Duke 
preprint DUK-M-91-14 (1991). 

[6] E. Witten, Comm. Math. Phys. 118 (1988) 411, Nucl. Phys. B34Q (1990) 281; T. 
Eguchi and S.K. Yang, Mod. Phys. Lett. A5 (1990) 1693. 

[7] R. Dijkgraaf, E. Verhnde and H. Verlinde, Nucl. Phys. ^352 (1991) 59. 

[8] E. Verlinde and N.P. Warner, Phys. Lett. 269^ (1991) 96; Z. Maassarani, Phys. 
Lett. 273B (1991) 457; A. Klemm, M. G. Schmidt and S. Theisen, Correlation 
functions for topological Landau- Ginzburg models with c < 3, Karlsruhe preprint 
KA-THEP-91-09 (1991). 

[9] P. Aspinwall and D. Morrison, Topological field theory and rational curves, 
preprint DUK-M-91-12; E. Witten, Mirror manifolds and topological field the- 
ory, preprint IASSNS-HEP-91/83. 

[10] S. Cecotti and C. Vafa, Nucl. Phys. ^367 (1991) 359. 

[11] S. Ferrara and J. Louis, Flat holomorphic connections and Picard-Fuchs identities 
from N=2 supergravity, preprint CERN-TH. 6334/91. 

[12] B. de Wit and A. Van Proeyen, Nucl. Phys. ^245 (1984) 89; B. de Wit, P. Lauwers 
and A. Van Proeyen, Nucl. Phys. -B255 (1985) 569; E. Cremmer, C. Kounnas, A. 
Van Proeyen, J. P. Derendinger, S. Ferrara, B. de Wit and L. Girardello, Nucl. 
Phys. ^250 (1985) 385. 

[13] S. Ferrara and A. Strominger, N=2 spacetim,e supersymmtry and Calahi- Yau mod- 
uli space, preprint CERN-TH.5291/89; S. Cecotti, Comm. Math. Phys. 131 (1990) 
517; A. Cadavid, M. Bodner and S. Ferrara, Phys. Lett. .6247 (1991) 25. 

[14] A. Strominger, Comm. Math. Phys. 133 (1990) 163. 

[15] P. Candelas and X.C. de la Ossa, Nucl. Phys. B355 (1991) 455. 



- 41 - 



[16] L. Castellani, R. D'Auria and S. Ferrara, Phys. Lett. .6241 (1990) 57; Class. 
Quant. Grav. 1 (1990) 317; R. D'Auria, S. Ferrara and P. Fre, Nucl. Phys. B359 
(1991) 705. 

[17] N. Seiberg, Nucl. Phys. B303 (88) 206. 

[18] S. Cecotti, S. Ferrara and L. Girardello, Int. Mod. J. Phys. A4 (1989) 2475; Phys. 
Lett. B21S (1988) 443. 

[19] L.J. Dixon, V.S. Kaplunovsky and J. Louis, Nucl. Phys. ^329 (1990) 27. 

[20] B. Blok and A. Varchenko, Topological conformal field theories and the flat coor- 
dinates, preprint IASSNS-HEP-91/5. 

[21] L. Dixon and D. Gepner, unpublished; W. Lerche, C. Vafa and N.P. Warner, Nucl. 
Phys. ^324 (1989) 427; B. Greene and M. Plesser, Nucl. Phys. ^338 (1990) 15; 
P. Candelas, M. Lynker and R. Schimmrigk, Nucl. Phys. ^341 (1990) 383. 

[22] A. Forsyth, Theory of Differential Equations, Vol. 4, Dover Publications, New- 
York (1959). 

[23] P. Di Francesco, C. Itzykson and J.-B. Zuber, Comm. Math. Phys. 140 (1991) 
543. 

[24] S. Ferrara, D. Liist and S. Theisen, Phys. Lett. 2423 (1990) 39. 
[25] V.G. Drinfel'd and V. V. Sokolov, Jour. Sov. Math. 30 (1985) 1975. 
[26] B. Kostant, Am. J. Math. 81 (1959) 973. 

[27] J. Balog, L. Feher, L. O'Raifeartaigh, P. Forgacs and A. Wipf, Phys. Lett. 244^ 
(1990) 435; Ann. Phys. 203 (1990) 194. 

[28] W. Lerche, Nucl. Phys. ^238 (1984) 582; W. Lerche and W. Buchmiiller, Ann. 
Phys. 175 (1987) 159. 

[29] See eg., P. Griffiths, Ann. Math. 90 (1969) 460. 

[30] P. Candelas, Nucl. Phys. ^298 (1988) 458. 

[31] S. Cecotti, Nucl. Phys. B355 (1991) 755, Int. J. Mod. Phys. A6 (1991) 1749. 

[32] B. Greene, C. Vafa and N.P. Warner, Nucl. Phys. B324 (1989) 371. 

[33] C. Vafa, Mod. Phys. Lett. A6 (1991) 337. 

[34] A. Giveon and D.-J. Smit, Mod. Phys. Lett. A 6 No. 24 (1991) 2211. 

[35] A. Font, Periods and Duality Symmetries in Calabi-Yau Compactifications, 
preprint UCVFC/DF-1-92. 



- 42 - 



[36] E. Cremmer and A. Van Proeyen, Class. Quant. Grav. 2 (1985) 445; S. Cecotti, 
Comm. Math. Phys. 124 (1989) 23; B. de Wit and A. Van Proeyen, Special ge- 
ometry, cubic polynomials and homogeneous quaternionic spaces, CERN-preprint 
TH.6302/91. 

[37] P. Fre and P. Soriani, Symplectic emheddings, Kdhler geometry and automorphic 
functions: The Case ofSK{n+l) = SU{1,1)/U{1) x S0{2,n)/ S0{2) x SO{n), 
preprint SISSA 90/91/EP; S. Ferrara, P. Fre and P. Soriani, On the moduli space 
of the T^jZ'i orbifold and its modular group, preprint CERN-TH.6364/92, SISSA 
5/92/EP. 



- 43 - 



